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A framework for computing over distributed representations,
with connections to...
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Our work highlights and extends work In
Vector Symbolic Architectures (VSA) /
Hyperdimensional Computing (HDC)

VSA/HDC related papers per year Robust computation with rhythmic spike patterns
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Vector Symbolic Architectures provide a principled framework
for computing with distributed representations

a+ b : superposition

ab,c..=VN
(i.i.d. random vectors)
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(inner product) p(a) : ordering operation
(cyclic shift, permutation)
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code (Rachkovskij, 2001) | Computing (Kanerva, Matrix binding with
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A kernel perspective on symbolic VSA

Maximum separation of symbols with orthogonal representations:
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VSA can represent data structures with high-dimensional vectors
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Kernel locality preserving encoding (KLPE)

A randomizing encoding function:

f:reR—-z(r)eCn

K (t)
such that:; j
(1) Inner product forms a kernel:
| large T
z(r1) z(ry) — K(ri —r2) . o
VLT

(i) Translation is computed by binding;

z(r1 +1r2) = z(r1) o z(ry)



Important Results from Functional Analysis

(1) Inner product kernels define a reproducing kernel Hilbert space:

Definition: A kernel K (x1,X2) is positive definite if, for any finite set of points {x1,x2,...,X;,}, the Gram
matrix K (x;,x;) is positive definite (i.e., all eigenvalues are non-negative).

Theorem: All inner product kernels are positive definite (Scholkopf et al., 2002; Hofmann et al., 2008).

Theorem (Aronszajn, 1950): Each positive definite kernel defines a reproducing kernel Hilbert space (RKHS).

(2) The kernel shape is defined by the Fourier transform of a probability distribution:

Theorem (Bochner, 1932): Each continuous kernel K(x — y) is positive definite if, and only if, it is the
Fourier transform of a positive definite measure p(w):

K(x—y) = / dw p(w)e'“ <Y = By, [ez “ el “’Ty] (5)



Vector Function Architecture (VFA = VSA + KLPE)

The function: f(7“) — Z CYkK("“ — Tk)

k
s represented by the vector:  yf = Z Ozkz(rk)
k

FPE with Hadamard product binding:

2'(r) :== (2)" (complex-valued)
FPE with Circular convolution binding:

2(r) :==2'®" = F 7 (F(@))=F"(Fz)" (real-valued)
Block-local circular convolution:

z'¢(r) CB7) = P (Frgea ) (SPArse)

(block @) *= Z(block i)



VFAs with uniformly sampled base vectors
result in a sinc kernel
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Approximating functions with sinc

Function Representation in VFA

flr)= ZakK(r — Tk)

2(f)= ) eln]sine (t ‘T”'T)

n=o&

£ 1)
1.0
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11


https://en.wikipedia.org/wiki/Whittaker%E2%80%93Shannon_interpolation_formula

Manipulating functions with VFA

* Point-wise readout of a function

e Point-wise addition
Yitg = Y5t Yy

* Function shifting

f(x) = g(x) = f(z+7) Yy =yysozr)

 Function convolution Yfeg =YFO0Y,

» Overall similarity between functions (£,9)=¥:¥4



Application: regression with sinc kernels
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Application: Kernel density estimation in VFA

Density estimation with band-limited functions (Agarwal et al. 2017):
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Phase distribution of the base vector
determines similarity kernel
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Application: Representing images in VFA
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Relating VSA principles to neural coding

Mapping complex-valued vectors to spike timing codes

Complex Domain Temporal Domain
G- 6
© %0
Sya
o NC ]
t t+1 S s+T

Time Time

Frady, E.P., Sommer, F.T. (2019) Robust computation with rhythmic spike patterns. PNAS 116(36) 18050-59.
M. Laiho, et al., “High-Dimensional Computing with Sparse Vectors,” IEEE Biomedical Circuits and Systems

Conference (BioCAS), 2015.

E. P. Frady, et al., “Variable Binding for Sparse Distributed Representations: Theory and Applications,” IEEE

Transactions on Neural Networks and Learning Systems, 2021.

Silent

Spike

Sparse Block Codes provide a sparse
implementation of VSA/VFA

e
Il

o
o
e

acc 0

0@
900



An encoding model of hippocampus
predicts place fields and phase precession
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Key Takeaways

* A unified framework for reasoning about symbols and real
values with distributed representations (extending VSA -> VFA)

 Kernel methods in machine learning can now be integrated with
VSA methods.

* Predictions for neural coding principles and single-cell
representations (e.g., in hippocampus).



