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Motivation and Background



Neuromorphic Control

. Control theory
o Regulate the behavior of dynamic systems

o Example: Proportional Integral Control

. Neuromorphic systems
o Perform computation on spiking neurons
o Low power, continuous computation

o Model biological behaviour

T. DeWolf, T. C. Stewart, J.-]. Slotine, and C. Eliasmith,"“A
spiking neural model of adaptive arm control,” Pro-ceedings of PAGE 4
the Royal Society B, vol. 283, no. 48, 2016.

Figure: An overview of the REACH model, shown

controlling a three-link arm.
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Limitations of Current Controllers

Learning based controllers
o Learn mapping from sensory input to control action
o Dependent on large datasets

o Limited theoretical guarantees

Classical controllers
o Map classical controllers to spiking networks

o Not optimal, empirically validated

Visual: Some control performance plot or some comparison between empirical
and theoretical validation
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Linear Quadratic Regulators (LQR)

Optimal control algorithm for linear
systems

o State x with dynamic matrices A, B ZE — AQZ’ (t> + BU (t) )

o Control input u

Minimizes a cost function
o Balance control effort and state error
o Weighting matrices Q and R

Gain obtained by solving the Algebraic J = / (Cl?(t)TQZC(t) + u(t)TRu(t)) dt
Riccati Equation (ARE) 0

Guarantees closed loop stability

LQR Controller ——» Plant >
Xref ULgr X

Figure: Closed loop control architecture with LQR controller
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Problem Statement and Contributions



Problem Statement

Current neuromorphic controllers face key trade offs
o Rely on manual tuning or large data sets

o Often lack stability guarantees
LQR provides a solution

o Optimal control with stability guarantees

o Requires solving CARE, often offline through digital solvers
No causal, online spiking methods for the CARE, and subsequently the LQR
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Contributions

Online LQR
o Dynamically solve the CARE in a spiking neural system

Stability analysis
o Lyapunov based conditions ensuring closed loop stability with spiking solver

Simulation validation

o Demonstration controller, validating system performance and stability
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Methods



Neural Engineering Framework

State representation
o Neurons encode vectors as spiking activity a
o Gain a, bias j, activation function G

Function approximation

o Linear decoding reconstructs functions f(x) of the

state
o Decoders d

Dynamics with recurrent connections
o Map continuous time system to neurons
. / /
x = f(x) + g (u)

C. Eliasmith and C. H. Anderson, Neural engineering:Computation,

representation, and dynamics in neurobio-logical systems. MIT Press, 2003. PAGE 11

a; = Gla(x, e;) + j

1

A N
f(x) = Z d;a;
i=0

Recurrent O
u(t) —»(%2())8

Figure: Dynamics in recurrent
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Continuous LOR and CARE

Optimal gains obtained from the Continuous
Algebraic Riccati Equation (CARE)

o Riccati matrix P
0=A"P*+ P*A—P*BR'B"P*+0Q

Introduce the LQR and CARE in continuous time

o Solve CARE online as a dynamic system

Pt)=—(ATP(t)+Pt)A— P#t)BR'B"P(t) + Q)

If state converges, P provides the optimal gain K

o Trade off between control and tracking

K*= R 'B'p*
PAGE 12 %ﬁ HAEIEESRITLYSFO



Spiking Implementation

Encode Riccati matrix as neural ensemble [ i — Az + Bu ]

Use NEF decoders to approximate the CARE ; » N

dynamics Sscale
o Implement dynamics through a recurrent connection O O O

f(P(t))=—(A"P+PA—-PBR'B'P+Q) O - 9@0@

Neural state evolves until convergence

Extract gains for state feedback controller [ Stimulus ] [ Tdes ]

Figure: Spiking implementation of control architecture. The
symbol Tau is the synaptic time constant and S_scale is a
linear transform value between connections.
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Stability Analysis

LTI system with optimal control from CARE

o State x

Choose Lyapunov candidate function

o Measures energy of the system

V() =a' Px

Find derivative

X

1

o Show derivative is less than zero

o Decreases alon g all traj eCtOI'ieS Figure: Example Lyapunov function V shown in 3D space with

state dimensions X

Viz) = -2 (K*TRK* + Q)x <0, VzxeR"#£0

| | w UNIVERSITY OF
Lyapunov Functions,” BYJU’'S — The Learning App, PAGE 14 7N WATE RLOO

https://byjus.com/maths/lyapunov-functions/, accessed Mar. 25, 2026. @



Stability Analysis - Cont.

Neural dynamics introduces some approximation error

o On our neural representation of the Riccati matrix P,
P, = f(F,) +€¢(FP,)

Provide an upper bound for the error )
le(P)l] < €

Introduces an additional term on the derivative
Viz) = —2"(Q+ K, RK,)xr+éx'x <0

Conditions on stability

€ < Amin(K,] RK,, + Q)
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C. Eliasmith and C. H. Anderson, Neural engineering:Computation,
representation, and dynamics in neurobio-logical systems. MIT Press, 2003.

Stability Analysis - Cont.

NEF error arises from two sources

€ = Edist + Enoise

o Egi¢: error from finite neural representation

o E, ,ise: €rror from noise

Error due to noise E, Error due to static distortion Eg

_B - -— .
10 1/!’] 1071 .
- Neurons
S S
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Figure: Emor due to noise (left) and error due to state distortion (right) over the
number of randomly sampled neurons on a log scale using the NEF.
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Choose:
Initial Neuron Count V

}

Estimate:

€ = Edist + Enoise

Increase Neuron

Count N
A

!

No Is

€ < Amin(K"RK + Q)?

Figure: Design workflow for ensuring closed-loop stability in the proposed spiking
LQR controller. The diagram outlines the steps for determining the total neuron
count required, evaluating distortion and noise error for stability margins.
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Simulation and Results



Experimental Setup

Quadrotor yaw dynamics for hover

o Control input: motor voltages

Jsgih =Dy + T, =Ty — T
=k, (Vr + Vi) — ky (Vf + %)

O = OO

I—\OIIOH

0 0 0 O]

ke ke ke ke
L Js3 J3zz  J33  Js33
0 0 O O] o
_O O 0 O Figure: 3 DoF Hover system diagram. Positive rotations are defined with

the right-hand convention
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.
Riccati Dynamics and Convergence

Evolution of P states over -
time 1
" 30 A
Y
Ideal values are calculated £, |
offline for comparison o
o
- — P[0,0]
— P[0,1]
0 (/ — P[1,0]
P[1,1]

0 10 20 30 40 50
Time (s)

Figure: Time evolution of the entries of the neural Riccati matrix P (t) is represented by solid lines. Dashed

lines indicate the optimal steady-state values P.

24 WATERLOO

PAGE 19



Tracking Performance

. Tracking results of 06 1
simulated system 0a
o Sine wave reference .
wn
8
. w 0.0
. Compared against non- &
spiking, ideal P values 027 0
. — X[1]
for optimal performance  _o.] -+ X0
=== Xgeal [1]
..... Xdes [O]
—0.6 - cene- Xges [1]
0 10 20 30 40 50

Time (s)

Figure: tracking performance of the state X(t) denoted by the solid lines under neural LQR control. The reference Xdes is
denoted by the dotted lines, and the ideal state Xldeal in the absence of spiking neural networks is denoted by the dashed
lines
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Stability Validation - )
20
Stability condition @
_|_ r_>tj 15 T — Minimum Eigenvalue A_min(t)
— c -—-
€ < Anin(K) RE, +Q) 5,17
od—beeeee e
0 10 20 30 40 50
Time (s)
Figure: Minimum eigenvalue Amin(Q + K7RK) over time demonstrating stability with respect to the
threshold
Number of Neurons | Tracking RMSE P RMSE € Amin,SS
100 15.815 38.141 14.451 26.451
500 0.453 6.022 3.233 28.719
1000 0.178 4.185 1.493 24.841
5000 0.146 2.012 0.301 24.078
able: Performance metrics for varying ensemble sizes in both neural ensembles UNIVERSITY OF
Table: Perf trics for varying bl both / bl %ﬁj
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Discussion and Conclusion



Discussion

Contributions
o Dynamically solve the CARE in a spiking neural system
o Lyapunov based conditions ensuring closed loop stability with spiking solver

o Demonstration controller, validating system performance and stability
Stability guarantees with tuning

Limitations

o Time-invariant control policy

o Quadratic scaling of P with respect to state dimension
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Future Work

Physical implementation
o Actual hover drone
o Neuromorphic hardware
o Power analysis
Representation
o Representation of P dynamics
Time varying solutions
o Leveraging dynamic approach to solving the CARE

o Adaptive control policies
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